A weaker Mackey topology, infra-Mackey topology, is introduced. For an infra-Mackey space, dual local quasi-completeness, c 0 -quasi-barrelledness, Ruess' property (quasi-L) and C-quasibarrelledness are equivalent to each other. Inspired by the definition of Mazur spaces, locally convex spaces are classified according to various conditions ensuring linear functionals continuous. In the classification, every class of special locally convex spaces is characterized by some completeness of the duals. From this, some new characterizations of quasi-barrelledness and barrelledness are given.  2004 Elsevier Inc. All rights reserved.
Introduction
In this paper, every space will be assumed a Hausdorff locally convex space over the scalar field of real or complex numbers. Let (E, t) be a space; then (E, t) , or briefly E , denotes the topological dual of (E, t) and E # denotes the algebraic dual of E. We denote by t σ the finest locally convex topology on E that induces the same topology as t on each A n . The topology t σ is defined by the family of those seminorms whose restrictions to the sets A n are continuous for the topology induced on A n by t; see [3] . Absorbing and bornivorous sequences of absolutely convex sets were considered by Valdivia, De Wilde, Houet, Garling, Roelcke, Ruess, et al. (cf. [1, 8.9] ). Ruess [4] A space E is said to be dual locally complete [5] if (E , σ (E , E)) is locally complete and is said to be dual locally quasi-complete [6] if (E , β(E , E)) is locally complete. For dual local [quasi-]completeness and Ruess' property [quasi-]LC, we have the following result (see [1, Proposition 8.1 .29], [3, 7, 8] ). Theorem 1.1 (Ruess) . For any space E, the following statements are equivalent:
We know that [1, Observation 8. 
Thus a space E with dual local quasi-completeness, the weakest of the four "quasi" properties, suddenly enjoys C-quasi-barrelledness, the strongest of the four, when the space is endowed with its Mackey topology. In fact, the Mackey topology is not unique compatible topology with the above equivalent relationship. In [8] the notion of quasi-Mackey spaces is introduced as follows. Definition 1.1. A space E is called a quasi-Mackey space if it has its quasi-Mackey topology; i.e., the topology induced by (E , τ (E , E )).
Köthe [10, §23, 4(6) ] noted that the quasi-Mackey topology is compatible with the dual pair E, E and may be strictly weaker than the Mackey topology τ (E, E ). In this paper, we first point out that there exists another compatible locally convex topology (which is strictly weaker than the quasi-Mackey topology) such that four statements with "quasi" in Theorem 1.2 are equivalent to each other. From this we obtain an improvement of Theorem 1.4. Inspired by the discussion on Mazur spaces (see [3, 11] ), we classify locally convex spaces according to various conditions ensuring linear functionals are continuous. In the classification, every class of special locally convex spaces is characterized by some completeness of their duals. This leads us to obtain some new characterizations of barrelledness and quasi-barrelledness.
Another kind of weak Mackey spaces
Definition 2.1. Let (E, t) be a space and E be its topological dual. Denote C the collection of all the absolutely convex β(E , E)-compact subsets of E and C • the polar taken in E for every C ∈ C. Obviously {C • : C ∈ C} forms a base of 0-neighborhoods for some locally convex topology on E. We call the locally convex topology infra-Mackey topology and denote it by κ(E, E ), the notation is quoted from [12, p. 235] . The space (E, t) is called an infra-Mackey space if t = κ(E, E ), i.e., {C • : C ∈ C} is a base of 0-neighborhoods in (E, t). The space (E, t) is called a generalized infra-Mackey space if every C • is a 0-neighborhood in (E, t), where C ∈ C; or equivalently, every absolutely convex β(E , E)-compact subset of E is t-equicontinuous.
Clearly κ(E, E ) is a locally convex topology on E which is compatible with the dual pair E , E . Since the topology β(E , E) is finer than one σ (E , E ), a generalized quasiMackey space is always a generalized infra-Mackey space. However, the converse is not true, see the following: Example 2.1. An infra-Mackey space which is not a generalized quasi-Mackey space.
Let (E, ) be an infinite-dimensional reflexive Banach space and (E , ) = (E , β(E , E)) be its strong dual. Let κ(E, E ) denote the topology of the uniform convergence on absolutely convex compact subsets of (E , ), equivalently, the topology of the uniform convergence on compact subsets of (E , ); see [12, p. 235] .
Then (E, t) := (E, κ(E, E )) is an infra-Mackey space. We shall see that (E, t) is not a generalized quasiMackey space. Remark that the dual ball
Now we give a new parallel to Theorem 5 in [8] .
Theorem 2.1. For an infra-Mackey space (E, t), the following statements are equivalent:
Proof. We know that C-quasi-barrelledness implies both c 0 -quasi-barrelledness and Ruess' property (quasi-L), either of which implies dual locally quasi-complete, respectively (see [ 
Suppose that (U n ) n∈N is a sequence of absolutely convex closed 0-neighborhoods in (E, t) such that any given bounded set is contained in U n for almost all n. Put U := ∞ n=1 U n , we shall show that U is a 0-neighborhood in (E, t). Taking any fixed 0-neighborhood V in (E , β(E , E)), without loss of generality we may assume that V = B • , where B is a bounded set in (E, t) and B • is the polar of B in E . Since B is contained in all most U n , there exists p ∈ N such that B ⊂ U n for all n p. Thus for all n p,
Since (E, t) is an infra-Mackey space, for each n there exists an absolutely convex
where the first polar is taken in E and the second polar is taken in E , and hence β(E , E) ). Now the bipolar theorem implies that
Since the topology of a generalized infra-Mackey space lies between its Mackey and infra-Mackey topologies, by Theorem 2.1 we obtain an improvement of Theorem 1.4 as follows.
Theorem 2.2. A generalized infra-Mackey space is dual locally quasi-complete if and only if it is c 0 -quasi-barrelled.

Theorem 2.3. An infra-Mackey space E has property (L) if and only if it is dual locally complete.
Proof. Obviously property (L) implies property (LC) and the latter is equivalent to dual locally complete (see [3, Theorem 2.3] ). Conversely if E is dual locally complete then E is dual locally quasi-complete and E has Banach-Mackey property (see [8, Theorem 3] ). By Theorem 2.1, dual local quasi-completeness is equivalent to property (quasi-L). On the other hand, by [3, Theorem 2.4] E having Banach-Mackey property is equivalent to that E has property (B), i.e., every absorbing sequence is bornivorous. Thus E having property (quasi-L) means that E has property (L). 2 Example 2.2. A space with property (L) which is not a generalized quasi-Mackey space.
Take a space (E, t) as in Example 2.1, then (E, t) is an infra-Mackey space. Clearly (E , σ (E , E)) is locally complete since here (E , σ (E , E)) and (E , β(E , E)) have the same dual and (E , β(E , E)) is locally complete. By Theorem 2.3, (E, t) has property (L) but it is not a generalized quasi-Mackey space.
Characterizations of quasi-barrelledness and barrelledness
First we fix some notation. Let (E, t) be a space and E # an algebraic dual of E. Put E b := {f ∈ E # : f maps bounded sets into bounded scalar sets}; E s := {f ∈ E # : f is sequentially continuous}; E q := {f ∈ E # : the restrictions of f to any bounded set is continuous};
where U is a barrel in (E, t)}; 
t) has property (LC);
E v = E ⇔ (E, t) has property (quasi-LC).
In fact, every class of locally convex spaces described above can be characterized by some completeness of the duals.
Lemma 3.1. Let (E, t) be a space, then (i) (E, t) is semi-bornological if and only if (E , T lc 0 ) is complete, where T lc 0 denotes the topology of uniform convergence on all the local null-sequences of (E, t). (ii) (E, t) is a Mazur space if and only if (E , T c 0 ) is complete, where T c 0 denotes the topology of uniform convergence on all the null-sequences of (E, t). (iii) (E, t) is a quasi-Mazur space if and only if (E , β(E , E)) is complete. (iv) (E, t) has property (LC) if and only if (E , σ (E , E)) is locally complete, i.e., (E, t) is dual locally complete. (v) (E, t) has property (quasi-LC) if and only if (E , β(E , E)) is locally complete, i.e., (E, t) is dual locally quasi-complete. (vi) (E, t) has property (LC) if and only if (E, t) has property (quasi-LC) and BanachMackey property.
Proof. In fact, [10, §28, 5(4)] gives the proof of (i The following implications are obvious:
property (LC) ⇒ property (quasi-LC).
But none of the converses of the above implications is true. , τ (l ∞ , l 1 )) and (l ∞ , β(l ∞ , l 1 ) 
Example 3.2.
A quasi-Mazur space with Banach-Mackey property which is not a Mazur space. 0 , σ (c 0 , l 1 ) ) is sequentially complete (see [11, , [13, Theorem 3.3] ). But it is impossible (see [11, ).
hence (E, t) has Banach-Mackey property. Now we assert that (E, t) is not a Mazur space. If not, (E, t) is a Mackey Mazur space with Banach-Mackey property, which leads that (E , σ (E , E)) = (c
Example 3.3.
A space with property (LC) which is not quasi-Mazur.
In fact, there exists a barrelled space which is not quasi-Mazur. Komura pointed out that there exist reflexive spaces which are not complete; see [14, p. 148] and [15] . Moreover, Knowies and Cook [16] gave a separable, non-complete, reflexive space. Let (X, T ) be a non-complete, reflexive space and
let (E, t) := (X , β(X , X)). Obviously (E, t) is barrelled, hence (E , σ (E , E)) is quasi-complete and (E, t) has property (LC). But (E , β(E , E)) = (X, β(X, X )) = (X, T ) is not complete, i.e., (E, t)
is not a quasi-Mazur space.
Example 3.4. A space with property (quasi-LC) which does not have property (LC).
It is easy to construct such examples. As is well known, there exists a quasi-barrelled spaces E which is not barrelled (for example, see [1, Observation 4.1.2(c)], [12, p. 217 
]). Clearly (E , β(E , E)) is quasi-complete. Certainly (E , β(E , E))
is locally complete, i.e., E has property (quasi-LC). Since a quasi-barrelled space is barrelled if and only if it is dual locally complete (see [1, Corollary 5 
.1.35]), (E , σ (E , E)) is not locally complete, i.e., E does not have property (LC).
We know that a space E is barrelled if and only if E is a Mackey space and (E , σ (E , E)) is quasi-complete (for example, see [1, Corollary 4.1.15], [10, p. 305]). It seems that there exists a parallel result on quasi-barrelledness. It is easy to prove that a quasi-barrelled space E is a Mackey space with the quasi-complete strong dual (E , β(E , E) ). However, it is unexpected that the converse is not true. Example 3.5. A Mackey space with the quasi-complete strong dual which is not quasibarrelled.
Let(X, ) be a non-reflexive Banach space and X be its topological dual. Put (E, t) := (X , τ (X , X)), then (E, t) is a Mackey space and (E , β(E , E)) = (X, β(X, X )) = (X, ) is complete. Since (X, ) is not reflexive, there exists a bounded set B in (X, ) which is not relatively compact in (X, σ (X, X ) ). That is to say, there exists a bounded set B in (E , β(E , E) ) which is not relatively compact in (E , σ (E , E) ). By AlaogluBourbaki theorem, B ⊂ E is not t-equicontinuous and (E, t) is not quasi-barrelled.
In the following we shall give some new characteristics of quasi-barrelledness and barrelledness. To this end, we need the followingSmulian's criterion for weak compactness; see [17, pp. 142-143] .
Lemma 3.2. Let (E, t) be a space, E be its topological dual and E # be its algebraic dual. An absolutely convex σ (E , E)-closed subset B of E is σ (E , E)-compact if and only if B
• ⊂ E is absorbing and every f ∈ E # which is bounded on B • , is continuous on E.
Theorem 3.1. A Mackey space (E, t) is quasi-barrelled if and only if the following two conditions are satisfied: (i) (E, t) has property (quasi-LC), or equivalently, (E, t) is dual locally quasi-complete;
(ii) every f ∈ E # which is bounded on a bornivorous barrel W , is continuous on W .
Proof. Suppose that (E, t) is quasi-barrelled, then (E , β(E , E)
) is quasi-complete and certainly is locally complete. By Lemma 3.1(v), (E, t) has property (quasi-LC), i.e., the condition (i) is satisfied. Let f ∈ E # be bounded on a bornivorous barrel W , then there exists λ > 0 such that f ∈ λ W # , where W # denotes the polar of W taken in E # , i.e., W # = {f ∈ E # : |f (x)| 1, ∀x ∈ W }. Without loss of generality, we may assume that W = B • , where B is an absolutely convex β(E , E)-bounded and σ (E , E)-closed subset of E and B • is the polar of B taken in E. Since (E, t) is quasi-barrelled, B ⊂ E is t-equicontinuous. By Alaoglu-Bourbaki theorem, B is σ (E , E)-compact and hence it is compact in (E # , σ (E # , E)). By bipolar theorem,
That is to say, the condition (ii) is satisfied.
Conversely suppose that a Mackey space (E, t) satisfies conditions (i) and (ii). Let B be any β(E , E)-bounded subset of E . Since the σ (E , E)-closed absolutely convex hull of a β(E , E)-bounded set is still β(E , E)-bounded, we may assume that the β(E , E)-
Since (E, t) has property (quasi-LC), we know that f ∈ E . By Lemma 3.2, we conclude that B is σ (E , E)-compact. Hence B is t-equicontinuous since (E, t) is a Mackey space. Thus we have shown that (E, t) is quasi-barrelled. 2 Remark 3.1. For a Mackey space, property (quasi-LC) is equivalent to property (quasi-L). Hence the condition (i) in Theorem 3.1 can be replaced by the following condition:
Similarly we can prove the following characterization of barrelledness.
Theorem 3.2. A Mackey space (E, t) is barrelled if and only if the following two conditions are satisfied: (i) (E, t) has property (LC), or equivalently, (E, t) is dual locally complete;
(ii) every f ∈ E # which is bounded on a barrel W , is continuous on W . 
(i) (E, t) has property (LC);
Next we give a variation of Theorem 3.1. Proof. Obviously the conditions (i) and (ii) are necessary for a Mackey space to be quasibarrelled. We shall see that the condition (i) with (ii) is sufficient. Let W be a bornivorous barrel in (E, t) and let f ∈ E # be bounded on W . Since (E, t) has property (quasi-LC), by Theorem 3.1 we only need prove that f | W is continuous at 0 (see [18, Thus 
Theorem 3.4. A Mackey space (E, t) is quasi-barrelled if and only if the following two conditions are satisfied: (i) (E, t) has property (quasi-LC); (ii) for any β(E , E)-bounded
W = W • • = B • ⊃ λ Γ σ (B ∪ C) • = λ (B • ∩ C • ) = λ (W ∩ C • ).
